We compare the recently derived density-functional perturbation expressions within the projector augmented-wave ͑PAW͒ formalism ͓C. Audouze et al., Phys. Rev. B 73, 235101 ͑2006͔͒ to those found in the ultrasoft pseudopotential ͑USPP͒ framework, for the perturbations of the atomic-displacement type. As a preliminary step, we re-examine the correspondence of the two models in the unperturbed case, showing precisely the different kinds of dependencies of each physical quantity on a perturbation parameter. Then, we identify the different contributions for the first-and the second-order responses of the energy in both formalisms, pointing out the additional contributions in the PAW case. We complete also the formalism by providing nonvariational and variational second-order derivative expressions for PAW, and a variational second-order derivative expression for USPP.
I. INTRODUCTION
The predictive power of density-functional theory ͑DFT͒ 1 for atomic-scale systems goes well beyond the computation of total energy and density ͑both formally exact in DFT͒ and actually includes, among others, the derivatives of such quantities with respect to changes of the external potential ͑external to the electronic system͒. A homogeneous applied electric field is an instance of such a change, as it is equivalent to a potential that is linear in space. Changes of atomic positions also act on the electronic system by means of a change of external potential, likewise the collective changes of atomic positions given by expansion or contraction of a periodic lattice. The derivatives of the total energy with respect to such changes of potential, considered as perturbations, are linked with numerous physical properties, such as the dielectric susceptibility tensor, phonon frequencies, elastic tensor, piezoelectric tensor ͑at the linear-response level͒, or Raman cross sections, Gruneisen parameters, and nonlinear susceptibility tensor ͑at the nonlinear level͒.
The computation of such properties can be efficiently addressed in the framework arising from the combination of DFT and perturbation theory, called density-functional perturbation theory ͑DFPT͒. [2] [3] [4] [5] As for DFT, the representation of wave functions and their changes can be considered for different basis sets, including plane waves, and the treatment of the core electrons can rely on the pseudopotential concept. Implementations of DFPT have been done with plane waves and norm-conserving pseudopotentials as well as ultrasoft pseudopotentials ͑USPPs͒ proposed by Vanderbilt. 6 This technology is well established nowadays, 7, 8 and has been the basis of numerous publications. 3 USPP is, however, not the last word in the class of planewave based methods. The projector augmented-wave ͑PAW͒ method 9 was proposed a few years after the USPP method. Compared to the latter, the PAW approach benefits from a cleaner link with the underlying all-electron treatment, and ought to be a faithful representation of it, so potentially more accurate than USPP. Interestingly, the USPP method can be derived from the PAW method, with some simplifying assumptions, as shown by Kresse and Joubert. 10 These authors have also examined both methods for many different molecules and solids: The USPP method is generally as reliable as the PAW method, except for magnetic systems, although that the generation of U.S. pseudopotentials might be more difficult than the generation of PAW atomic data.
At the level of the implementation, PAW is, however, more complicated than the USPP, as one has to represent, for each atom, some self-consistent quantities on a radial grid, in addition to the representations on two homogeneous threedimensional grids [10] [11] [12] that are also present in USPP implementations. 13 Recently, we have derived the DFPT equations in the case of the projector augmented-wave method. 14 We relied on the variational approach to density-functional perturbation theory, 5 ,15 a framework whose mathematical structure allows one to derive, from first-order derivatives of the wave functions, variational as well as nonvariational expressions for the second-order derivative of the total energy, and even nonvariational third-order derivatives of the total energy. The next step in this project, namely, the implementation of these equations ͑for the second-order derivative of the energy͒, leads us also to examine the connection with the corresponding USPP expressions, 16 presented by Dal Corso. 17 In his work, Dal Corso derived nonvariational mixed derivatives of the USPP total energy, as needed to compute interatomic force constants, by differentiating the HellmanFeynman expression of forces. The expression that we derived from the variational-perturbation framework for such nonvariational derivatives in the PAW case is quite different, and it is the purpose of the present paper to establish the connection between the expression provided by Dal Corso and our expression, clarifying the origin of the differences, either coming from a ͑nontrivial͒ rearrangement of terms, or coming from the existing differences between the USPP and PAW framework. The present work provides also a crosschecking of the validity of both derivations.
In order to establish the major points of the correspondence between the two models, we consider nonmetallic, non-spin-polarized systems, and take into account only a well-defined ͑unique͒ perturbation of the atomicdisplacement kind, for the sake of simplicity. The possibility of an explicit external potential, considered in our work on PAW-DFPT, 14 is not taken into account here, like in Ref. 16 . The specific case of the homogeneous electric field had been considered in Ref. 18 , which actually specialized on it only.
We start by a brief comparison of the total unperturbed energy of the different terms of the two models, recalling the hypothesis under which the USPP model can be derived from the PAW one ͑see Sec. II͒. In Appendix A, we highlight the dependency structure of the USPP, following the work that we did for the PAW. The correspondence between the two models for the forces, which are first-order derivatives of the total energy, is developed in Sec. III ͓comparing Eq. ͑34͒ of our previous work, 14 to Eq. ͑43͒ of Laasonen et al., 13 and Eqs. ͑5͒, ͑14͒, and ͑15͒ of Dal Corso 17 ͔. We examine firstorder derivatives of other quantities ͑wave functions, density, Hamiltonian, and potential͒ in Secs. IV-VI. In Sec. VII, we will show how the nonvariational second-order change of the PAW total energy can give the USPP second-order derivatives ͓see Eq. ͑80͒ of our previous work 14 and Eqs. ͑35͒, ͑39͒-͑42͒ of Dal Corso 17 ͔. In Sec. VIII, we re-examine the variational expression for the second-order derivative of the total energy given in our previous work, 14 and modify it along the lines followed by Dal Corso, so that it becomes better suited for implementation.
The present work can be thought as arising from the combination of Refs. 14 and 17. Equations from these two papers will be very often cited, and in order to efficiently refer to them, we will use the acronym DC for Dal Corso's 17 equations, and AJTG for the equations of Audouze et al.
14

II. COMPARISON OF THE UNPERTURBED TOTAL ENERGIES
In the USPP model, considered for a nonmetallic system, without spin polarization, and without external potential, the total energy can be formulated as a variational functional of the wave functions as ͓see Eqs. ͑DC-1͒, ͑DC-2͒, and ͑DC-6͒, as well as Ref. 5͔ as follows:
where V loc ion denotes the local part of the pseudopotential, V NL USPP its nonlocal part ͓see Eq. ͑DC-3͔͒ such that
and U II the ion-ion interaction. In this expression, instead of considering the notations D nm ͑0͒␥͑I͒ for the unscreened coefficients, as in Ref. 17 , we rather use G nm I . 19 Here, and c represent, respectively, the total valence and the core charge. Some details about the overlap operator S related to the constraints and the associated Lagrange multipliers ⌳ ij can be found in Appendix A of the present paper and Ref. 5 . We have combined the Hartree and exchangecorrelation ͑xc͒ contributions on the basis of the following notation:
The corresponding total energy, in the PAW model, under the same hypothesis ͑nonmetallic, without spin polarization, and without external potential͒ writes ͓see Eq. ͑AJTG-4͔͒
͑the superscript k labels the different nuclei, from 1 to K, the latter being the number of nuclei in the system͒ with
and
The overlap operator S, which appears in the term related to the orthonormalization constraints, is given by Eqs. ͑AJTG-23͒ and ͑AJTG-24͒, where the associated Lagrange multipliers ⌳ ij are specified by Eqs. ͑AJTG-16͒ and ͑AJTG-18͒. The Hartree and exchange-correlation term is given by
In the PAW method, there is a well-defined mathematical correspondence, see Ref. 9 , between all-electron wave functions i and their pseudized counterpart i ͓the latter being used in the expression of the total energy, Eq. ͑4͔͒. Such a mathematical correspondence does not exist in the USPP formalism. The standard notation, in the latter, does not make justice to the fact that the basic USPP quantities in Eq. ͑1͒, i , are pseudo-wave-functions, not all-electron wave functions.
The first term in Eq. ͑7͒ is evaluated on a threedimensional homogeneous grid, while the summation over each atom contribution in the same equation is evaluated on the radial grid attached to each atom. In Eq. ͑6͒, the quantities Q kpq LM are compensation charges, mentioned in Ref. 10 ͑see also Appendix A of Ref. 14͒, that allow the transfer of information between the spherical representation and the three-dimensional grid, with minimal loss of accuracy.
Following Kresse and Joubert, 10 the difference between USPP and PAW models can be formulated as a linearization of the sum over atomic site contributions to Eq. ͑7͒, around the atomic occupation numbers. In this framework, the direct correspondence for the wave functions, the nonlocal projectors, the densities, and the local part of the pseudopotential is easy to establish, and is presented in Table I .
The USPP ionic contribution U II simply corresponds to the following PAW contribution:
Also, the PAW Lagrange multipliers and overlap term
corresponds to the USPP ones; thanks to the correspondence between notations presented in Table I . We now focus on the above-mentioned linearization of the atomic contributions, following Eqs. ͑28͒-͑34͒ of Kresse and Joubert. 10 We expand each atomic contribution in Eq. ͑7͒ around a reference, spherically symmetric, atomic configuration ͑all the quantities related to this reference configuration are labeled with the 'at' superscript͒ as follows:
͒dx.
͑10͒
After some manipulation, the expression derived from PAW becomes the USPP expression ͑1͒, provided we associate the nonlocal operator with
where ͓see Eq. ͑34͒ of Ref.
10͔
with
and provided we associate E Hxc ͓ , c ͔ with ͓see Eq. ͑7͔͒
͑15͒
The 
which corresponds to ͐V loc ion ͑x͒͑x͒dx in the USPP case. The resulting PAW model, without linearization, where USPP notations have been used instead of PAW notations, whenever possible, following Table I , writes
͑17͒
In this expression, the PAW nonlocal operator is given by
where
which is to be compared to Eqs. ͑6͒ and ͑12͒. This allows us to place the nonlocal potentials in correspondence. Note, however, that this correspondence is only operational, in the sense that the physical content of V NL PAW and V NL USPP differs: The atomic Hartree and exchange-correlation contributions are present in G kpq ͓see Eq. ͑12͔͒ but not in E kpq Ј ͓see Eq.
͑19͔͒. The counterpart of these differences in the nonlocal contribution is to be found in the expression for the Hartree and exchange-correlation energy, which includes additional atomic terms in the PAW compared to the USPP: Only the first term of Eq. ͑7͒ is present in the USPP case. In the case of atomic displacements, neither G kpq nor E kpq Ј change, which is an additional sign of their similarity for operational purposes, while the additional Hartree and exchangecorrelation energies in the PAW expression will lead to nonnegligible modifications of the first-order and second-order derivatives of the total energy, as shown in Secs. III and VIII.
We recall here the unperturbed Kohn-Sham equations and the corresponding Hamiltonian in both models. In USPP, we have
with H =− 1 2 ٌ 2 + V KS , the KS potential being defined ͓see Appendix A, Eq. ͑A13͔͒ by
and K given in Eq. ͑A4͒ of Appendix A. The overlap operator S is defined in Eq. ͑A9͒ of Appendix A. Then, the USPP Hamiltonian can be expanded according to
͑G nm
In the PAW case, the KS equations write
where the Hamiltonian is given ͓see Eqs. ͑AJTG-18͒-͑AJTG-21͔͒ by
with E kpq Ј given by Eq. ͑19͒, 
Moreover, we also express the PAW Hamiltonian as a sum of a non-self-consistent and a self-consistent contribution as follows:
where H KV is given by Eq. ͑5͒ and H SC by
In order to compare higher-order perturbations terms of the energy of the two models, we detail further ͑in Appendix A͒ the USPP total energy ͑1͒, where all of the dependencies on the wave functions and/or on the perturbation parameter have been made explicit. Expression ͑86͒ given there is the equivalent of Eq. ͑AJTG-4͒ in the PAW case. The dependencies are typical of an atomic-displacement perturbation. The formalism could be adapted to an external potential perturbation, in a similar spirit.
III. FIRST-ORDER ENERGY CHANGES
We consider the first-order energy change, in the case of atomic displacements, corresponding to minus the forces exerted on atoms. On the PAW side, we rely on Eq. ͑AJTG-41͒, and compare its different terms to those of USPP: Eq. ͑43͒ of Ref. 13 and Eqs. ͑DC-5͒, ͑DC-14͒, and ͑DC-15͒. There are some differences between the expressions derived in these two USPP references. ͑DC-5͒, ͑DC-14͒, and ͑DC-15͒ do not provide a fully detailed formalism for forces, unlike Eq. ͑43͒ of Ref. 13 . In the following formulas, we take the best of both papers, in view of the comparison with the PAW expression.
Similarly to Eq. ͑AJTG-41͒, we write
͑33͒
The U II ͑1͒ term, coming from the ion-ion interaction, is common to both USPP and PAW.
Apart from the term F USPP3 , the correspondence between this USPP expression and the PAW expression, Eq. ͑AJTG-41͒, is easy to establish, with the conversion of notation explicited in Table III with G kpq . This was already mentioned in the Sec. II, and is mentioned also in Table III. Thus, at the level of first derivatives of the total energy, the same linearization procedure that was used for the total energy, allowing us to derive the USPP expression from the PAW one, does not bring additional terms, and places in one-by-one correspondence the different terms, with the noticeable difference that the self-consistent PAW term D kpq Tables II   TABLE III 
IV. FIRST-ORDER WAVE FUNCTION CHANGE
While first-order derivatives of total energy do not rely on the knowledge of first-order wave functions, the latter will be needed for second-order derivatives of the total energy. We give in this section the correspondences for such first-order wave function changes, which appear in Ref. 17 , namely, ⌬ i and ␦ i . Concerning the latter notations, we suppress the exponent because we deal here only with one specific perturbation. Let us also recall that we consider nonmetallic systems and atomic-displacement perturbations.
In the case of nonmetallic systems, wave function changes are not uniquely defined, as explained in Appendix D of Ref. 14. Due to the gauge freedom, the part of the wave function change that belongs to the occupied state manifold has some arbitrariness. Of course, the final expressions for energy derivatives should be unaffected by the gauge choice. While Dal Corso 17 worked naturally with the diagonal gauge ͑the natural choice for a formalism valid for metals as well as for insulators͒, the parallel gauge is the method of choice for insulators, as used in our previous work. Table IV . The PAW operator P c ,
given by Eq. ͑AJTG-D8͒, involves the overlap operator S ͑0͒ ͓see Eqs. ͑AJTG-23͒ and ͑AJTG-24͔͒. The definition of the projection operator is the same in USPP, with the overlap operator given by Eq. ͑A9͒ of Appendix A. In the parallel gauge, moreover, the first-order change in wave function can be expressed in terms of these two quantities:
͑using USPP notations and definitions͒. In order to ease the comparison between USPP and PAW, we define the following for PAW:
V. FIRST-ORDER DENSITY CHANGE
The density change in USPP can be found in Eq. ͑7͒ of Ref. 16 , or from Eq. ͑DC-28͒. The latter reads
where the USPP operator K is given ͑for spin-unpolarized insulators systems͒ by Eq. ͑A4͒ of Appendix A. Once again, the exponent used in Ref. 17 for Eq. ͑44͒ has been skipped because only one perturbation is considered in our case. On the PAW side, the expression of the total charge density ͓see Eq. ͑AJTG-A7͔͒, the valence electron charge density, writes
This expression can be transformed to
where the PAW operator K is specified in Appendix A; see Eq. ͑A5͒. Taking into account the splitting of the first-order wave functions ͑yielding ⌬ i and ␦ i ͒, the correspondence between the USPP equation ͑43͒ and the PAW equation ͑46͒ is obvious. However, there is a major practical difference between the USPP and PAW first-order density changes PAW
͑1͒
and USPP ͑1͒ , which are also present at the level of unperturbed quantities: The PAW expression needs to be represented not only on the real-space grid, but also on the radial grids within the spheres. Here, we explicitly give the explicit decomposition of PAW ͑1͒ ͑x͒ on the real-space grid and the spheres being used later. Following Dal Corso, 17 we also distinguish the terms that couple with the first-order change of Hartree and exchange-correlation potential in the nonvariational expression for the second-order derivative of the total energy to be presented later, Eq. ͑80͒. The real-space contribution is 
The first ͑all-electron͒ sphere contribution is
and the second ͑pseudized͒ sphere contribution is
͑52͒
VI. FIRST-ORDER HAMILTONIAN AND POTENTIAL CHANGES
In the USPP formalism, the Sternheimer equation, Eq. ͑DC-29͒, writes
where the unperturbed Hamiltonian H ͑0͒ is given by Eq. ͑A11͒ of Appendix A, while in the PAW case ͓see Eq. ͑AJTG-73͒ and Appendix D of Ref. 14͔ we have
with direct correspondences of the different terms in these equations.
We give now the first-order changes of the Hamiltonian operator, which appear in the Sternheimer equations and further in Sec. VII. In the USPP case, Dal Corso started from Eqs. ͑21͒ and ͑22͒, and distinguished a first-order partial derivative of V KS as follows:
‫ץ‬ is not a true partial derivative of V KS with respect to : There are direct dependencies of V Hxc on that are not mediated by wave function changes, see Appendix A. The definition given by Dal Corso corresponds actually to a partial derivative at fixed V Hxc . In order to make the notation clear, we will add in several equations that follow, when appropriate, a subscript V Hxc ͑0͒ to indicate that the Hamiltonian operator is derived under the hypothesis that V Hxc = V Hxc ͑0͒ .
Coming now to PAW, the first-order change of H , see Eq. ͑AJTG-18͒, might be given in term of H KV ͑1͒ and H SC ͑1͒ . For phonons, the equation describing H KV ͑1͒ , Eq. ͑AJTG-B2͒, simplifies somewhat
Thanks to Eq. ͑57͒, one can see that H KV ͑1͒ corresponds to the following USPP expression:
The comparison with USPP is based on the following decomposition of H :
͑60͒
The last two terms of Eq. ͑60͒, which include an integration over the spheres, are not present in the USPP formalism. All the other contributions to this PAW expression have their counterpart in the USPP formalism. Also,
͑61͒
The last two terms of Eq. ͑61͒, which include an integration over the spheres, are not present in the USPP formalism.
VII. NONVARIATIONAL SECOND-ORDER ENERGY CHANGES
In this section, we detail the different steps needed to establish the correspondences for the second-order change of the energy, for nonmetallic systems and atomic displacements, as before. First of all, let us recall the expressions of the second-order energy in both models. They are obtained from
.
͑62͒
In the USPP case, this expression corresponds to the halfsum of Eq. ͑DC-35͒ and also of Eqs. ͑DC-39͒-͑DC-42͒ ͑taken with one parameter, i.e., = in the notations used therein, and for nonmetallic systems͒. Explicitly, the USPP expression is given by
͓see Eq. ͑DC-39͔͒,
͓see Eq. ͑DC-40͔͒,
͓see Eq. ͑DC-41͔͒, where ⌬ is given by Eq. ͑44͒,
͓see Eq. ͑DC-42͔͒,
͓see Eq. ͑DC-35͔͒.
In the PAW case, the nonvariational second-order energy perturbation writes as follows ͓see Eq. ͑AJTG-80͔͒:
where the external potential is neglected. The terms Ẽ Hxc0
͑2:2͒
and Ẽ Hxc0 ͑2:1,1͒ are specified in Appendix B. It is shown there that they can be split as 
Ẽ
in term-by-term analogy with Eq. ͑69͒. However, several of these terms will contain additional contributions, coming from the variations of quantities in the PAW spheres, not present in the USPP case.
The term E PAW1 is obtained as follows:
͑74͒
The last two terms of Eq. ͑74͒, which include an integration over the spheres, are not present in the USPP formalism. All the other contributions to this PAW expression have their counterpart in the USPP formalism.
The terms E PAW2 and E PAW4 write, respectively,
where ‫ץ‬S / ‫ץ‬ = S ͑1͒ and ‫ץ‬H / ‫͉ץ‬ V H=c ͑0͒ is given by Eq. ͑60͒. E PAW2 and one-half of E PAW4 originate from Eq. ͑69͒ in the following combination:
The other half of E PAW4 is to be found in the term −
We develop the first-order Lagrange multipliers ⌳ jj Ј ͑1͒ , Eq. ͑AJTG-81͒, with the Kohn-Sham equation, Eq. ͑24͒, and use the expression of the first-order wave functions in the parallel gauge, Eq. ͑40͒, as follows:
As outlined previously, H ͑1͒ , present in this equation, differs from ‫ץ‬H ‫ץ‬ needed in E PAW4 . We now use the splitting of Eq. ͑59͒, whose first term in Eq. ͑78͒ gives precisely the other half of E PAW4 as follows:
The term E PAW3 comes from the remaining Ṽ Hxc ͑1͒ contribution to Eq. ͑78͒, and from Ẽ Hxc0,v ͑2:1,1͒ . After some manipulation, one gets
͑80͒
In this third PAW contribution, the difference with the USPP expressions is the biggest: Not only the last two terms, to be evaluated on the spherical grid, have appeared, but such additional contributions are also present in Ṽ Hxc ͑1͒ and ⌬͑x͒, see Eqs. ͑48͒ and ͑61͒.
The last contributions to the nonvariational second-order derivatives of the total energy come from the core charge changes as follows:
This expression is the same in the USPP and PAW formalisms.
To summarize this section, we have seen that the different terms contributing to the nonvariational second-energy derivative of the total energy, as formulated by Dal Corso in Ref. 17 , have their counterpart in the PAW formalism, derived from Ref. 14 after some manipulation, with the big difference that several integrals over the real space are to be augmented by integral over the spheres: E PAW3 , see Eq. ͑80͒; E PAW5 , see Eq. ͑81͒; and ͉
͑74͒.
Although the present derivation has been made only for insulators, it generalizes straightforwardly to the case of metals. Indeed, we note that the similarities between the USPP and PAW are strong enough to leave unchanged the key structure where the differences between insulators and metals appear, namely, the definition of the first-order wave function changes, and the definition of the Sternheimer equation. Hence, the more complete treatment of perturbation theory by Dal Corso, which includes the case of metals and varying occupation numbers, can be incorporated readily, without changes, into the present formalism. This can be thought the other way around: It is possible to incorporate in the formalism by Dal Corso, localized modifications, to change it from USPP to PAW. By the same token, the generalization from one perturbation to two perturbations, also treated by Dal Corso, is straightforward.
VIII. VARIATIONAL SECOND-ORDER ENERGY CHANGES
A variational formulation for the PAW second-order energy changes has also been written in Ref. 14, see Eq. ͑DC-67͒. In this reference, the first-order wave function change was not split into the two components that appear naturally in the actual software implementation, ⌬ i and ␦ i . Also, the technique used in the USPP formalism, namely, to isolate derivatives of the Hamiltonian at fixed Hartree and exchange-correlation potential yields a more compact expression than in Ref. 14. We will now treat these two modifications of the original PAW result.
Let us start with the latter, where we take advantage of the different definitions presented here. Ignoring the explicit change of external potential, which was included in Ref. 14, we find
The splitting of i into a varying part, ⌬ i , and a fixed part, ␦ i , allows us to make more apparent the variational character of E tot +PAW͑2͒ . One benefits also from the following identity ͑valid for insulators͒:
giving E tot +PAW͑2͒ = min
͑84͒
The equivalent formula for the USPP formalism writes
͑85͒
Equations ͑84͒ and ͑85͒ might be used to determine the set of first-order wave functions, and associated first-order changes of density and potential, as an alternative to the Sterheimer equation approach. A conjugate-gradient algorithm has been proposed in Ref. 20 for such purpose. Note also that for the specific case of the electric field perturbation and derivative of the wave functions with respect to the wave vector, variational USPP expressions had been presented in Ref. 18 .
IX. CONCLUSIONS AND PERSPECTIVES
The density-functional perturbation theory, taken with norm-conserving pseudopotentials, leads to expressions that contain numerous terms. Still, their complexity is not too large, and one can gain confidence in the final implementation in a real software; thanks to well chosen references build from finite differences of adequate expressions.
If the USPP or PAW are used instead of norm-conserving pseudopotentials, the complexity of the formalism explodes, and the number of finite-difference quantities to be constructed becomes much larger. In order to gain confidence in the final expressions obtained in PAW 14 and USPP, 17 and in their implementation, even before painful finite-difference testing, we have established the correspondence between the final results in USPP and PAW. These formalisms are rather similar at the level of nonperturbed density-functional theory, although not identical. We have recalled the existing differences at that level, the USPP being derived from the PAW; thanks to a linearization of the Hartree and exchangecorrelation contribution inside the atomic spheres, around the atomic reference. The correspondence between the results of the two above-mentioned papers is harder to establish when working with first-or second-order derivatives: There exists numerous degrees of freedom to rearrange the terms. At each stage, we have established the correspondences between quantities, and highlighted the operational similarity or difference of terms, and the physical similarity or difference.
In the PAW case, numerous additional contributions are present, all arising from the appearance of integrals over the atomic PAW spheres ͑one for the all-electron quantities, and one for the pseudized quantities͒, while only integrals over the real space are present in the USPP formalism. Although our derivation was restricted to the case of insulators, and for only one perturbation, the generalization of the nonvariational second-order energy changes to the case of metals, and to two types of perturbations taken together is straightforward. Indeed, for this expression examined in its full generality by Dal Corso in Ref. 17 , the modifications going from USPP to PAW have such a regular structure that they do not influence the modifications needed to go from insulators to metals and from one to two perturbations.
The variational expression for the second-order energy changes has also been examined in the present paper. We have taken into account the splitting of the first-order wave function in two parts ͑projection outside of the treated space, and remainder͒, to provide a formula closer to implementation than the previously published PAW one. Its reduction to the USPP case has also been proposed.
It was pointed out by Kresse and Joubert 10 that the USPP method is generally as reliable as the PAW method, except for magnetic systems. It remains to be studied whether the same conclusion holds at the level of the second-order derivatives of the energy. We give here an expression of the unperturbed USPP total energy, in which the ͑corresponding to an atomic displacement͒ and/or i dependencies of all the different physical quantities have been made explicit. This expression has to be compared with Eq. ͑AJTG-4͒ given in the PAW case. The dependencies occur in the following way:
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͑A1͒
The Hartree and exchange-correlation term is defined by
The previous operator, associated with the USPP ͓ i , ͔, corresponds to the development of the PAW quantity ͓ i ͔ + ͓ i , ͔. The corresponding PAW operator is defined by
͑A5͒
The nonlocal part of the U.S. pseudopotential is given by
This relation is operationally equivalent to the PAW case, which consists in
with E kpq Ј given by Eq. ͑19͒.
Moreover, the N 2 constraints on the wave functions i ͓see Eq. ͑DC-7͔͒
correspond to the Eq. ͑AJTG-5͒ in the PAW case. The USPP overlap operator
with q nm I = ͐Q nm I ͑x͒dx has to be compared with Eq. ͑AJTG-23͒. The structure of the overlap operator is the same in both models, with a different definition of the coefficients ͑see Table III for the correspondences of q nm I and Q nm I ͒. Lastly, the Lagrange multipliers that guarantee the fulfillment of the constraints are given by the following relations:
where the USPP Hamiltonian has the following dependencies ͓to be compared to Eq. ͑AJTG-18͔͒:
Let us finally mention the KS potential, defined by
V eff ͑x͓͒ i ,͔K͑x͓͔͒dx.
͑A13͒
APPENDIX B: ADDITIONAL EXPRESSIONS NEEDED FOR THE SECOND-ORDER ENERGY COMPARISON
We develop here some expressions that are useful to handle the comparison of the second-order perturbation of the total energy: E USPP3 in the USPP case, and Ẽ Hxc0 ͑2:1,1͒ , Ẽ Hxc0 ͑2:2͒ , and E kpq ͑2͒ in the PAW framework. In the USPP case, E USPP3 ͓see Eq. ͑66͔͒ writes, thanks to Eq. ͑44͒ given for ⌬, as follows: .
͑B13͒
The expression of H KV ͑2͒ is given in Eq. ͑AJTG-B4͒. It uses the coefficients E kpq ͑2͒ that are somewhat simplified with respect to the expression ͑AJTG-B5͒ for a perturbation of the phonon type, as follows:
